Complex dynamical networks with heterogeneous delays in both continuous-and discretetime domains are controlled by applying local feedback injections to a small fraction of nodes in the whole network. Some generic stability criteria ensuring delay-independent stability are derived for such controlled networks in terms of linear matrix inequalities (LMI), which guarantee that by placing a small number of feedback controllers on some nodes, the whole network can be pinned to its equilibrium. In some particular cases, a single controller can achieve the control objective. Numerical simulations of various representative networks, including a globally coupled network, a star-coupled network and an Extended Barabási-Albert (EBA) scale-free network, are finally given for illustration and verification.
and spreading as well as traffic congestions, signals traveling through a network are often associated with time delays, which are very common in biological and physical networks. In [8] [9] [10] [11] , homogeneous time-delay (i.e., all the delays are the same) complex networks are considered; however, heterogeneous (i.e., unequal and non-commensurate) time-delay complex networks are of practical importance and have some special difficulties technically.
Motivated by the above discussions, the important pinning control problem is revisited for a heterogeneous timedelay complex dynamical network in both continuous-and discrete-time domains, where there is little research. The main contribution of this paper is to develop a general approach to stabilise such a network onto some desired homogenous stationary states by injecting only a small number of local feedback controllers. Some state feedback controllers are designed and some generic stability criteria are derived for heterogeneous time-delay networks in both continuous-and discretetime settings, respectively. In particular, it is shown that the stabilisation of such networks is completely determined by the dynamics of each uncoupled node, the coupling strength, the inner-coupling matrix, and the minimal eigenvalue of the coupling configuration matrix and the feedback gain matrix of the network, by using a decoupling technique. Also, the main differences of the effect of the coupling strength on network stabilisation and destabilisation between networks both with and without time delays are discussed in detail.
The rest of this paper is organised as follows. The design of local stabilising controllers of heterogeneous time-delay dynamical networks in both continuous-and discrete-time domains are discussed in Section 2, with some stabilisability conditions derived based on the Lyapunov stability theory and the LMI criterion. Some simulated examples for various dynamical networks pinned by the specifically selective pinning scheme and randomly selective pinning scheme, respectively, are compared for illustration and verification in Section 3. Finally, Section 4 concludes the investigation and proposes some further work.
Pinning control of heterogeneous time-delay complex dynamical networks
In this section, the problem of how to pin a complex dynamical network with heterogeneous delays to its equilibrium is investigated. Some stability criteria of such networks in both continuous-and discrete-time settings are presented.
Continuous-time networks
Consider a heterogeneous time-delay complex dynamical network consisting of N linearly coupled identical nodes with a diffusive coupling, where each node is an m-dimensional dynamical system, described bẏ 
it is required that the coupling coefficients satisfy N j=1 b ij = 0. If the degree k i of the node i is defined to be the number of its outreaching connections, then we have
Suppose that network (1) 
Lemma 1 can be easily proved by the Gerschgorin's disk theorem and the Perron-Frobenius theory [12] . 
Lemma 2. If the matrix B is defined as in Lemma 1, and the nonzero diagonal matrix D is defined as
This lemma is a well known result in Linear Algebra.
The objective here is to stabilise network (1) onto a homogenous stationary state
wherex is an equilibrium point of an isolated node, satisfying f (x) = 0. To achieve the goal (2), feedback pinning controllers are applied onto a small portion δ (0 < δ 1) of nodes in network (1). Without loss of generality, let the first l nodes be selected to be pinned, where l is the integer part of the real number δN.
Thus, the controlled network can be described aṡ
with the local negative feedback controllers given by
Let the errors be
Linearising the controlled network (3) at statex leads tȯ
where J(t) ∈ R m×m is the Jacobian matrix of f evaluated atx,
T ,
From Lemmas 1 and 2, it follows that C is symmetric and negative definite, so all of its eigenvalues are strictly negative, and denoted in an increasing order as
with their corresponding (generalised) eigenvectors
satisfying
By expressing each column E on the basis {φ 1 , φ 2 , . . . , φ n }, we have
Then, (6) can be expanded into the following equations:
where
To this end, the local stability problem of the (N × m)-dimensional system (3) is converted into the stability problem of the N independent m-dimensional linear systems (10) .
The following theorem characterises a sufficient condition for system (3) to be locally asymptotically stable about the homogenous statex.
Theorem 1. If there exist two symmetric positive-definite matrix
such that the following LMI holds:
then the controlled network (3) is locally asymptotically stable in the sense of (3) for arbitrary constant time delay
Proof. Construct a Lyapunov-Krasovskii function
which is positive-definite.
The time derivative of V(η k (t)) along the trajectories of the controlled network (3) iṡ
Let
and X = Q > 0.
From Lemma 4, we have
implying that
From (13) and (16), we havė
The Schur complements (Lemma 3) argument shows that the LMI (11) is equivalent to
so thatV(η k (t)) < 0. From the Lyapunov stability theory, the controlled network (3) is locally asymptotically stable in the sense of (2). The proof is thus completed.
Theorem 1 gives a sufficient condition, (11) , for the existence of P, Q ∈ R m×m that can stabilise the controlled network (3). By making some further simplifications, the following constructive corollary can be obtained.
Corollary 1. The controlled network (3) is locally asymptotically stable in the sense of (2) if there exists a symmetric positive-
where I ∈ R m×m is the identity matrix.
Generally, the number of controllers is preferred to be very small compared with the entire network size N, namely, 
T ; f , x i , a, b ij and Γ have the same meanings as those in network (1). The sole difference is that in (21) a different node j has a different time-delay vector (τ j1 , . . . , τ jm ).
Use the following time-delay state feedback controllers:
where d i is the same as that in (4). Then, the controlled network iṡ
Let the errors be
Similar to (6)- (10), system (23) can be reformulated aṡ
Therefore, we can obtain the following stability result:
Theorem 2. If there exist two symmetric positive-definite matrix
Then the controlled network (23) is locally asymptotically stable in the sense of (2) for any fixed delay τ ks > 0 (k = 1, . . . , N; s = 1, . . . , m), where all notations are as above. 
Construct a Lyapunov-Krasovskii function
V(η k (t)) = η T k (t)Pη k (t) + m s=1 t t−τ ks q s η 2 ks (µ)dµ,(27)
Discrete-time networks
In this subsection, the above-obtained results are extended to discrete-time networks of the form
where The objective, once again, is to stabilise network (29) onto a homogenous stationary state:
wherex is a fixed point, satisfying f (x(n)) =x.
Similarly, the pinning control strategy is applied on a small fraction of nodes in network (29). Suppose that the first l nodes are selected to be pinned.
Design the local negative feedback controllers as
Here, similarly,
Then, the controlled network is
Linearising the controlled network (32) aboutx, we have
where J(n) ∈ R m×m is the Jacobian matrix of f evaluated atx,
Similarly, we can obtain
where E(n) = Φη(n) and Φ is defined in (8) .
In the following, we give the stability condition for system (32).
Theorem 3. If there exist two symmetric positive-definite matrices
such that the following LMI holds: 
Constructing a Lyapunov function
where I ∈ R
Numerical results and discussion
As an application of the above-obtained theoretical criteria, the pinning control of a complex dynamical network composed of a 3-dimensional nonlinear system is simulated and discussed in this section, where some typical networks, such as globally coupled networks, star-coupled networks and EBA scale-free networks [14] , are used to verify and visualise the theoretical results.
Consider a complex dynamical network, in which each node is a 3-dimensional nonlinear system described by
with one equilibrium pointx = [0, 0, 0]
T .
Using Γ = diag (1, 1, 1) , the whole dynamical network is described by
The objective is to stabilise the network (39) onto the originally equilibrium pointx, by applying a local delayed linear feedback pinning control to a small number of nodes.
The equations of the controlled network are
In the following, some simulation results of three types of different complex dynamical networks with delay vectors
T are presented, where the size of each network is 50 (i.e., N = 50) and the initial values of the nodes are in the uniform distribution on the interval (−1, 1).
Globally coupled networks
In the global coupling configuration, every pair of nodes is connected directly. The corresponding coupling matrix is
. . .
, and the feedback gain matrix is picked to be as simple as
Design the feedback gain d 1 = 0.3 (only a single node to be pinned, i.e., 2% nodes are pinned), according to Corollary 1, the coupling strength 0 < a < 0.02. Choose a = 0.01 and use the MATLAB LMI Toolbox. There exists a symmetric positivedefinite matrix,
such that (20) holds. Fig. 1 shows the process of controlling a globally coupled dynamical network with 50 nodes. 
Star-coupled networks
In the star-coupling configuration, there exists a 'hub' node with degree N − 1, which connects to all the other nodes. The corresponding coupling matrix is
, and the feedback gain matrix is designed to be the same as in (42). Fig. 2 shows the process of controlling a 50-node starcoupled dynamical network. From Fig. 1(a) and Fig. 2(a) , it is interesting to find that controlling the same degree node in a globally coupled network is more difficult than that in a star-coupled network, which is opposite to the network without delays. Fig. 3 shows the process of controlling a 50-node EBA scale-free coupled network, in which only the "biggest" node is pinned, which has degree 18. The algorithm of generating the network refers to [14] . Fig. 4 is the counterpart yielded by randomly pinning in the same EBA scale-free network. In Fig. 4(a) , only 2% nodes are pinned, while in Fig. 4(c) , 10% nodes are controlled. All the networks are well stabilised if the coupling strength is appropriate or satisfying the stability condition.
Scale-free networks
Remark. It is interesting to note that the stabilisation condition for complex delayed dynamical networks is quite different from that for time-invariant continuous complex dynamical networks without delays. The main differences are twofold:
(i) For complex delayed dynamical networks, it differs from our intuition that a sufficiently strong coupling will lead a network to stabilise; too strong a coupling may actually jeopardise the stability of the networks, as shown in Figs. 1(b), 2(b), 3(b) and 4(b). However, for a time-invariant continuous complex dynamical network without delays, it is simpler to achieve stabilisation, where only a sufficiently large coupling strength is selected to satisfy the stability condition. (ii) From the condition (11) , it follows that the coupling strength has not only a lower bound but also an upper bound.
However, for a complex network without delays, the coupling strength ensuring the network stabilisation only has a lower bound, which means that the coupling strength is required to be large enough. Therefore, the result that significantly less local controllers are needed by the specifically selective pinning scheme than required by the randomly pinning scheme for controlling scale-free time-invariant networks does not apply to the delayed networks. On the other hand, one may obtain some hints from Figs. 1(b), 2(b), 3(b) and 4(b) about destabilisation. One way to achieve destabilisation is to keep the network size constant, but to vary the coupling strength (e.g., increasing the coupling strength), such that it does not satisfy the stabilisation condition.
Conclusion
In this paper, the stabilisation problem of complex dynamical networks with heterogeneous delays has been investigated by pinning a small fraction of nodes with delayed negative feedback controllers. The pinned nodes can control other nodes through the networked connections dynamically. Here, the placement of the local controllers is affected by the delays, the topology of the network particularly the coupling strength and the inner-coupling matrix. For this reason, some interesting pinning phenomena have been explained, e.g. pinning one single node can achieve stabilisation to the homogeneous state of the network.
Several delay-independent stability theorems have been established for heterogeneous time-delay network models subject to pinning control, which have not been studied elsewhere before. For each controlled network, the decoupling technique is used to convert the stabilisation problem of the whole network into the stabilisation of its sub-networks, making the stability analysis much easier.
Moreover, in numerical simulations, it was found that too-large coupling strengths may lead to destabilisation instead. This finding is useful in that it accelerates the desired stabilisation and/or destabilisation of a network, which is particularly meaningful from an engineering point of view and useful for engineering design. It can be foreseen that pinning the proposed heterogeneous time-delay complex dynamical networks will be useful for the current studies of general complex dynamical networks. For convenience, it has been assumed in this paper that the nodes in the network are coupled symmetrically or linearly with the same coupling strength. Network modelling with nonlinear and asymmetric connections, as well as their pinning control and stabilisation, remains a technical challenge for future research. Moreover, delay-dependent stabilisation criteria, which are less conservative than delay-independent ones, and the effects of time delays on networks with different topologies deserve more attention in further studies.
Denoteξ i , i = 1, . . . , N are the N eigenvectors of B, withξ 1 = [1, 1, . . . , 1] T corresponding toλ 1 
